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Optimum reception of two zero-mean Gaussian signals is accomplished 
by comparing a quadratic form // x(s)H(s,t)x(t) ds dt in the observable 
waveform x{t) with a predetermined threshold, if the symmetric kernel 
H{s,t) can be given as a square-integrable solution of 

ff B l (s,u)H^ifi)R a M du dv = R 2 (s,t) - R>(s,t), 

where Ri(s,t) and R 2 (s,t) are the covariances of the two signals. In this 
paper, we generalize this result so that £i. m // x U) (s)H lm (s,t)x {m) {t) ds dt 
is the quadratic form to be used and {H lm (s,t)\ is given as a formal solu- 
tion of 

£ // £r Ri(s,u)H lm (u,v) j£r#2(M) du dv = R 2 (s,t) - «,(«,*). 

In other words, the generalized quadratic form is in the derivatives of x(t) 
as well as x(t) itself and the kernels H lm (s,l) consist of two-dimensional 
b-functions in addition to square-integrable functions. This residt is ex- 
tended to the case of two nonzero-mean signals and then to the case of M 
Gaussian signals in noise. 

I. INTRODUCTION 

Consider the problem of discriminating between two zero-mean 
Gaussian signals by observing the sample function x(t), ^ t ^ 1. 
We assume that their covariances Ri(s,t) and R 2 (s,t) are continuous 
and positive-definite on [0,1] X [0,1]. According to previous results, 1 ' 9,3 
if the integral equation 

[ f # l (s,w)#(w,tf)# 2 (M) dudv = R 2 (s,t) - Rfat), £ «,* £ 1, (1) 

•'0 •'0 

577 
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has a symmetric and square-integrable solution H(s,t), then the fol- 
lowing decision scheme minimizes the error probability : 

choose #,(«,/) if [ f x(s)H(s,t)x(f) ds dt < c, (2) 

Jo Jo 

choose Ri(s,t) otherwise, 
where 

c = 2 log^- - £ ^g A, , (3) 

in which a, and a 2 are the a priori probabilities associated with the 
two signals, and X, > 0, t* = 0, 1, 2, • • • , are the eigenvalues of an 
operator RpRJtZ*.* 

Unfortunately, existence of a square-integrable solution of (1) is 
too restrictive a condition. Thus, relaxation of the condition, which 
amounts to generalization of the quadratic form of (2), is desirable. 
In this paper, we accomplish this in two ways: one is to allow H(s,t) 
to contain 5-functions as well as square-integrable functions, resulting 
in the generalization of the structure of the quadratic form; the other 
is to consider the derivatives of x(t) as well as x(t) itself, thus generalizing 
the elements of the quadratic form. The result is extended to the case 
where the means of the two signals are nonzero, and is further extended 
to the case of M Gaussian signals in noise. 

II. GENERALIZED OPTIMUM RECEIVER OF TWO ZERO-MEAN GAUSSIAN 
SIGNALS 

Consider the following generalization of the quadratic form of (2) : 

Q(x)= t, f f x ll) (8)H lm (8,Qx tm) (t)d8dt, (4) 

l,m-0 Jo Jo 

where x in (t) is the Ith derivative of x(t), and 

H lm (s,t) = £ a iklm 8(s - s,) h(t - s k ) 

t.k-l 



* More precisely, X< , i = 0, 1, 2, ... , are the eigenvalues of the extension 
of RfWfcftp to the whole of £ 2 , where Ri and R 2 denote the integral operators with 
the kernels Ri(s,t) and R 2 (s,t), and £ 2 the space of all square-integrable functions on 
[0,1]. We recall that existence of a symmetric, square-integrable solution of (1) 
implies that ftf *R 2 Ri* has a unique bounded extension to the whole of £ s having 
eigenvalues {X,} such that < IiT_ A, < °°. 
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+ Z [*(« - t,)h ilm (t) + ihiM S(t - /,)] 
1 = 1 

+ h lm (s) S(s - t) + H lm (s,t), (5) 

in which a jklm are real constants, and ^ s, , t ,- ^ 1, and hji m (t), h ilm (t) and 
h [m (t) are square-integrable functions on [0, 1] while Hi m (s, t) are square- 
integrable functions on [0, 1] X [0, 1]. In writing (4), we have assumed 
that almost all sample functions of both signals have rth derivatives.* 
Note that the nonsquare-integrable part of H tm (s,t) consists of three 
types of two-dimensional 5-f unctions: (i) those at points and their 
mirror images with respect to the diagonal s = t, (ii) those along 
horizontal lines (t = constant) and their mirror images (s = constant), 
and (Hi) those along the diagonal. By formally substituting (5) into (4), 
we obtain an explicit form of Q(x), namely, 

QV) = Z | Z a iklm x in ( Si )x <m \ Sll ) 

J,m = Lj,<t = l 

+ i> U) (',) f [h„M + T hlm (t)]x im \t)dt 

1=1 •'0 

+ f x {l \t)h l M)x im \t)dt+ [ [ x il) (s)H lm (s,f)x {m) (t)dsdt ■ (6) 

Jo Jo •'0 

As the corresponding generalization of the integral equation (1), 
we consider the following: 

r /•! /*! a' a" 

Z / / T~rRi(s,u)H lm (u,v) —-^R 2 (v,t) dudv 

= # 2 (s,/) - ^,(8,0, 0gs,^l. (7) 

Again, through formal substitution of (5), (7) becomes 

Z JZ a mm ^R i (sJ)\ l=ai £;R,_(s,t)\^ k + £ f 

(,m = W.*-l "* cW * 1=1 Jo 



^rfi»(«,0|i-i/An»(tt) -^aR2(u,t) 

+ ■7~rRi(s,u)Ji ilm (u) T"sfia(M)|«-n du 



* A simple sufficient condition for this is existence of (d 2r+2 /ds r+1 dt r+1 ) Ri(s,t), 
i = 1, 2. 4 
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+ / ^Ri(s,u)hi m (u)~ i R 2 (u l t)du + J f ~iR,{s,u)HUu,v) 
■~R 2 (v,t) dudv) = R 2 (s,t) - Ri(s,f), < s,t ^ 1, (8) 

dv ) 

where we have assumed that (d 2r /ds r dt r )R l (s,t) and (d 2r /ds r dt r )R 2 (s,t) 
exist and are continuous on [0,1] X [0,1]. 

Unlike H(s,t) of (2), which is uniquely given as the symmetric, 
square-integrable solution of (1),* the defining elements of Q(x) (i.e., 
{«*«.}, is,), {*,-}, ih ilm (t)\, {h ilm (t)\, {h lm (t)\, [H lm (s,t)}) cannot be 
uniquely determined by (8) in general for a given pair of covariances 
Ri(s,t) and R 2 (s,t). Nevertheless, we can establish the following: 

If (i) Ri(s,t) and R 2 (s,t) are positive-definite, 

(«i) (d 2r /d8 r dt r )Ri(8,t) and (d 2r /ds T dt T )R 2 (s,t) are continuous, 

(Hi) for almost all sample functions both signals have rth derivatives, f 

and 

(iv) there exist some set of finite sequences \o, ik i m ], {s,}, {/,-}, [h ilm (t)}, 

{^ii«(')}i ^im(O) an d [Hi m (s } t)} which satisfy (8), then the decision 

scheme (2) with /J/J x(s)H(s,t)x(t)dsdt replaced by Q(x) of (6) is 

optimum. 

The proof is based on two measure theoretical facts: (i) two prob- 
ability measures P t and P 2 corresponding to two Gaussian signals are 
either equivalent or singular, J 5 ' 8 and (it) if they are equivalent then 
there is a special random variable called the Radon-Nikodym derivative 
(dP 2 /dP x )(x), in terms of which the optimum decision scheme is 
specified as follows: 

choose Ri(s,t) if -75 s (x) < — , 

&±l OC2 

choose R 2 (s,t) otherwise. 

Hence, in the Appendix, we first prove that existence of {a ik i m \, \s,\, 
tit], [hji m (t)\, {h ilm (t)\, {h lm (t)\ and {#,„(«, satisfying (8) implies 
equivalence of Pi and P 2 . Then, it follows that the eigenvalues X,- , i = 



* The uniqueness of H(s,t) follows from positive-definiteness of Ri(s,t), i = 1,2, 
and square integrability of H(s,t). 

t Continuity of (d 2r /ds r dt r ) Ri(s,t), i = 1, 2, and existence of x (r) (0 for almost all 
x(t) may be replaced by a simpler but stronger condition that (d 2r+2 /ds r+1 dt r+1 ) 
Tii(s,t), i = 1, 2, exist. 

{ From the communication theoretical point of view, singularity corresponds to 
the case of "perfect reception" where error probability vanishes. For the mathe- 
matical definition, see Ref. 7. 
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0, 1, 2, • • • , exist. 8 ' 3 Next, we explicitly obtain X, from (S) and show that 
0<nr.n X,-<». Thus, the threshold c of (3) is well defined. Lastly, 
we prove that 

dP 2 

dl\ 



r (•'•) = (il X,) * exp [iQ(x)) (0) 



for almost all x(t) of both signals. Then, by substituting (9) into the 
above decision scheme and taking the logarithm of both sides, the 
assertion is immediately proved. 

III. EXTENSION TO TWO NONZERO-MEAN GAUSSIAN SIGNALS 

The preceding result can be extended to the case where the means 
of the two Gaussian signals are no longer zero.* Let P u and P 22 be 
two probability measures corresponding to two Gaussian signals with 
means m^t), m 2 (l), ^ t ^ 1, and covariances Ri(s,t), R 2 (s,t). m^t) 
and m 2 {t) are assumed square-integrable while the assumptions on 
R-i(s,t) and R 2 (8,t) remain the same. Introduce a third measure P 2X 
corresponding to a Gaussian signal with mean m 2 (t) and covariance 
R x (s,t). Then, P„ and P 22 are equivalent and 

"' 22 / \ &t 22 / \ CtX 21 / •, 

dK, W = 7p7, W rffr (*) 

for almost all x(t) of all three signals, if and only if P 22 is equivalent 
to P 2i , which in turn is equivalent to P u . According to a previous 
result," if there exist finite sequences of real numbers {a,j|, and {£,(, 
^ i j ^ 1, and square-integrable functions \gi\ which satisfy 

d' , r d i 



z 



£ a,< jjrfliMI.-i, + / J7«.Mfc(«) ds 



i=n _ i = i 

- m 2 (t) - m l (f), ^ t £ 1, (10) 

for almost all x(t) of the two signals, then P u and P 21 are equivalent 
and (dPa 1 /dP li )(x) = exp [L(.r)] for almost all x(t) of the two signals, 
where 



L(x) ='- Z i X «/» ^T 



/^ _ w.(/) + m,(t) 

2 j,. 



/. , g[^- w,(0 t w,(0 ]^4 (n)t 



+ ^w 



* This extension follows the development in Ref. 3, pp. 1628-1629 and pp. 1636- 
1637. 

t This is the "sure signals-in-noise" counterpart of the result in Section II, 
namely, the generalized optimum receiver of two sure signals in Gaussian noise. 
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The remaining half of showing the equivalence of P 2i and P 22 and 
obtaining {dP 22/ dPn)(x) is accomplished simply by replacing x(t) with 
x(t) — m 2 (t) in the result in Section II. Thus, upon combination, we 
conclude that, if there exist a set of finite sequences [&n\, [it), [&i(t)} 
satisfying (10) and another set of sequences {a ikim \, {s,\, {<,(, [h ilm (t)\, 
(£*i»(Q}i {hi m (t)\, {H lm (s,t)} satisfying (8), then the optimum decision 
scheme for this case is specified as follows: 

choose 111,(0, Ri(s,t) if 2L(x) + Q(x - m 2 ) < c, 
choose m 2 (t), R 2 (s,t) otherwise. 

IV. EXTENSION TO M GAUSSIAN SIGNALS IN NOISE 

The above result can be further extended to the problem of dis- 
criminating among M Gaussian signals in Gaussian noise.* Let m<(0, 
Ri(s,t) and a, t , % = 1, 2, • • • , M, be the means, covariances and a priori 
probabilities of the signals, and R (s,t) the noise covariance where 
the noise mean is assumed zero. The assumptions concerning m,(Z), 
Ri(s,t) and R (s,t) are the same as in Section IH.f Denote by P« the 
probability measure corresponding to the ith. signal plus the noise, 
and by P the measure corresponding to the noise alone. Then, according 
to the theory of the generalized maximum likelihood test, 11 if each 
Pa is equivalent to P ,t then the optimum decision is to choose that 
m<(0 and Ri(s,t) for which a i (dPu/dP )(x) is maximum as a function 
of i.§ Observe that, if the ith signal plus the noise and the noise alone 
are interpreted as the two Gaussian signals of Section III with means 
m<(0 and zero, and covariances R (s,t) + Ri(s,t) and R (s,t), then 
the condition for equivalence of P« and P and the expression for 
(dPu/dP )(x) are obtained simply by the following changes: m x {t) — > 0, 
m,(0 -♦ »«(0, Ri(s,t) -+ Ro(s,t), R 2 (s,t) -» R (s,t) + JB<(a,0. Thus, 
we conclude that, if for each i there exist a set of finite sequences 
[d iit \, [t„\ and [gn(t)} satisfying 

Z [2^^fi.MU + fcjfBAMM ds \ = w '(0. 

^ t g 1, 



* This extension follows the development in Ref. 10, pp. 2192-2194. 

t Ri(s,t) need not be strictly positive-definite. 

\ Equivalence of Pa and P corresponds to the condition that the ith Gaussian 
signal cannot be detected perfectly in the presence of this noise. 

§ If ai(dPn/dPo) (x) becomes maximum at more than one value of i, choose the 
lowest of such z-values. See Ref. 11. 
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and another set of finite sequences {a iik i m }, {«<*}, {£,•,!, {hm m (t)}, 
[&wm(fi} t {h itm (t)} and {3 ilm (s,t)\ satisfying 

Z (z o„„.^B.(«,0|..„ l S£B.(«,0+fi«(«.0U« 

+ Z £ [§jr*.(«.0l.-.i,*<n.<«) £= (B.(«»0 + ««<«.<» 



+ ~R (s,u)n iilm (u) ~ (B.(«,0 + B,M)|.- Ilf 



dw 



+ 



i 5Sr«.(«.«Ai.(u) 

r 1 /*' d' 

[«.(«,*) + Ri(s,t)] du + J ] ^rR (s,u)H ilm (u,v) 



.Jl 

du 
~ [fi.foiO + Ri(v,t)} du dv> = Ri(s,t), ^s,t £ 1, 

then the optimum decision is to choose that signal (ra ,•(£), R<(s,t)) for 
which 2Z/,(.r) + Q,-(a; — wi,-) + c, is maximum as a function of i, where 
Li(x) and Q { (x) are denned by (11) and (6) with d ih i h g t (t), and 
a iklm , s,-, t it h ilm (t), Kji„(t) h, m (t), H lm (s,t) replaced by d,-,„ in, g it (t) } and 
a imm , &u, Uu h iitm (t), h iilm {t) h ilm (t), H ilm (s,t), respectively, and 

c, = 2 log a, - Z logXj°, 

n-0 

where X*°, n = 0, 1, 2, • • • , are the eigenvalues of the extension of 
/ + RZ h RiR~ e h to the whole of £ 2 . 

APPENDIX 

Let Pi and P 2 be two Gaussian measures associated with a separable 
and measurable process \x{t), ^ t ^ 1} with means zero and co- 
variances Ri{s,t) and R 2 (s,t). 

Theorem: Suppose Ri(s,t) and R 2 (s,t) are (strictly) positive-definite, 
(3 2 7<9s r dO#i(s,0 and (d 2r /ds r dt T )R 2 (s,t), ^ r < », ezz's* and are 
continuous on [0,1] X [0,1], and aZraosi a/J sample functions have the 
rth derivatives with respect to P t and P 2 . If there exist a set of finite se- 
quences* {a iklm } («,}, {*,}, \h ilm (t)}, \h ilm (t)} {h lm (t)\ and \3 lm (s,t)} 
which satisfy (8), then 

* The definitions of these sequences are given after (5). 
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(i) P y and P 2 are equivalent, i.e., P x = P 2 , 
(ii) (10) holds a.s., [P x , P 2 ].* 

Prooj: For simplicity, we introduce the following notations: 

R is ,(u,t) = ^/?,(s,0U u , R it »(s,v) = Jjpi^Mli-. , 

Ru' t »(u,v) = -^rj^RiisM^.t^ - * = 1. 2, 

r ni 

Ki(s,t) = £ £ a ik i m Ru'(s,Si)R2,^(s k , t), 

l,m=0 j,*=l 

K 2 (s,t) = E Z [RwisJdiR^hnJit) + (Ru'hnjmzAti , 0]. 

l,m = }=1 

7C 3 (s,0 = 2 / Ru>(s,u)hi m (u)R 2 .m(u,t) du, 

i,m = •'0 

K 4 (s,t) = Z) f f Ru>(s,u)H lm (u,v)R 2 , m (v,t)dudv. 

l,m = Jo Jo 

Note K { (s,t), i = 1, 2, 3, 4, are square-integrable. Again, we delete 
the arguments s and f of the kernels to denote the corresponding integral 
operators. Thus, (8) becomes 

£ tf, = R 2 -R lt (12) 

t=i 

hence, 

R; h R 2 R7 h - I = j^RT'K&K (13) 

(z) To establish P r = P 2 , it suffices to prove that R^R 2 Ri i is densely 
defined on £ 2 and /j^-fi^r* — / is of Hilbert-Schmidt tj'pe, i.e., 
||Sr'^2^r § - /|| < °o. 8,2 ' 3 t The principal tool to be used for this 
proof is the following expansion: 12 

«i.«,-(»,0 = Z M./,-"(s)/* m) (0, OgU^r, (14) 

uniformly on [0,1] X [0,1], where //, > and /,(«), * = 0, 1, 2 • • • , 
are the eigenvalues and orthonormalized eigenf unctions of Ri . 
To prove that R^R 2 R^ is densely defined on £ 2 , it sufficies to show 

* "a.s. [P i , Pi\" is the abbreviation of "almost surely with respect to Pi and P 2 ". 
t | \A 1 1 denotes the Hilbert-Schmidt norm of an operator A . 
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that R^R, is bounded since R^ is densely defined. Now, by applying 
the formula ||it|| a - tr A* A = Z. (/■ • A * A h) to the individual terms 
of Ri*Ki first, we obtain 



llftr**. II ^ Z Z \a lklm \ 

l ...i=0 i .k = l 

• Z f (JB^U(u)Bi t i(ufy) f B 2 .-(«i , u)# 2t -(tt,s*) <*« 

i : I Jo I Jo J 

= E El a mm | I Z m.- I «"(•,) !*£.-..(* , s.) I* 

= Z Z I fli*i«. I I ^i.'«'(s,-.Sy)^2.-i-(St , S t ) I*, 
where (14) is used for the last two equalities. Similarly, 

\\R?K a || ^ Z Z |[Ri.«i«fo . WCfcii- , iS.-.-*!!-)] 1 

l.m-0 7 = 1 

+ [(h iml ,R^ t Jii, m )Rl^^i , *,)]*}. 
||/27*^3 || £ Z |tr (&.'*«.». *&»«») I*, 

J. m = 

II #7^4 || S Z Itr^.w.m-BL-*-) I 4 , 

I,m-0 

where R i.i,i, „,(s,t) = h ln (s)Ri t i t i(s f t)hi„(t), R u w.m = H m iR 1 ,i,iH lm . 
Hence, from (13), ||JBT*2W| < °°- 

To prove {{R^RiR^ — I\\ < », we apply the formula ||A|| 2 = 
Z ll<4/.ir to the individual terms of R^K^* first. Thus, we obtain 



WRT^r:* ii ^ Z Z I <■,». 1 1 Z l|JE^..-(-A)jiM M fo) II 2 I* 

(,m=0 ).*. = 1 »' 

= Z Z | «,,„„ i | £,..,.(#, .«,) i J 1 1 flr*K 2 «-(- ,«*) ||, 

Z.m-0 i.t»l 

where (14) is used twice, and #r J fi 2 ,-(-,St) denotes the result of 7?7* 
acting on an s-f unction R 2l m(s,s k ). By differentiating both sides of (8) 
with respect to t, we obtain 

R 2t ~(s,s k ) = R lim (s,s k ) + Z a it , m R lt i(8,8j)R.m t m(s k , s k ) 

J,m=U 
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T r 1 

+ Z / i? U '(s^)A /m (M)^ 2l ,« < m(l4,S A .) d« 

(,m=0 •'0 

.1 »1 



+ Z / / Rni(s,u)Hi m (ufi)R 2 ,- t m(vfy) dudv. (15) 

Thus, 

+ Z Z I «/«- I l-Ri.'(sy ,«/) |*/2 2 --t-(s* , **) 

J,m=0 »,t=l 

+ Z Z N#i.'.'& . 4) I* I (Bt-i-AfiJCt) I 

Z,m=0 ,=1 

+ (£,-,. ,R i ,' t <h ilm ) l > \R 2 .- t -(Si ,s k ) |) 

+ Z («».-«-(«* , -).&.'■'.. *»-!-(* A)) 1 

J.m=0 

r 

+ Z (#2.-|-(S* , O.^l.'!*.- *.-!-(' A))' 

J,m = 

< ». (16) 

Hence, 

WRpKiK; 1 || < oo. 
Similarly, 

II flr*JMr» ll ^ Z Z [| ffi..,i(*, , /,) |* || R: h R^h ilm || 

l,m-0 >=1 

+ (Aii. .fii.1,*!.) 1 II «r*/e.i -(-,</) ||]. 

From (15), 

+ Z Z I OitJ- I I -Ri. '!'(*,- ,«<) I* I (R2.">,">h ilm )(s k ) | 
+ Z Z [| «..«.««, , /,) I* I Chfi. ■ %.-•-*«.) I 

J,m = j=l 

+ Ai.,fit.i.*ij*|(Bfc-*-*ifcO«f) II 

r 

+ Z^ (hjl m , R 2 .- t mR 1 ,l t l m R 2 ,, mt mhii m ) 
l.m = 

+ Z (hilm , R2.»f"Rl,'t'.m R2«"t">h i i m ) 
l.m = 
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and, from (16) 
Hence, 
Similarly, 



\\R;>K 2 R; h II < co. 



^ E Zmi 



r 1 ll 2 l § 

«r J / fl2«-(-,wA»/!- n (w)^ 

^0 I I J 

f 
^ E II trCfti..,!.. A.—) |*+ E El «.«'-.' I 

|.m-0 k «'.m'-0 i.*-l 

•|12i.i'ti'(«f , a y )(i2 2 .-'«-(s* . •)»&.'«'.» #2.*i*'(-.s*) l § 

i'.m'=0 j-l 

+ E |tr(fti.i',i».«'A.-'i-/ii.ii«.-fit.-i-*) I* 

l'.m'-0 

+ E |k(8,.i-.i'..'At.-'i-fii.>i*.-%-i-0 |J 

I'.m'-O 
< oo. 

Similarly, 

l|ffr i A' 4 i?r i ii 



^ E [Em. Nfirfe.-^i/J 



C? -ftO ||2il 



^ E I | trCfi,.!!!.- «!.-«-) | J + E ElOfM'-'l 

■ I «x-«t«'(Si , «<)CBi.-'.-(«* - ■)A.'i'.-fii.^- , ( , A)) I* 

+ E E [| B...-..-tt . tdfav- . ft.-.-&.«.... ft.—-*«.-0 I* 

r.m'=o r*i 

+ I («»,... ,4.i',i'Xfi.»0(ft.-'i-(*i - ■).&-«•«..*-••■•(• .0) I 1 ] 

+ E |-tr(A.i-ii'..-12i.--.A.«i'.-.«i.-i-) l § 
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+ Z I tr (&.!•,«•.«• Bi,.',A,<.i,.fii....') 17 

I'.m'-O J 

< oo. 

Therefore, from (13), 

HBrtWZT* - / II < °°- 

{ii) We have established in (i) that R^R 2 R^ is bounded and densely 
defined on £ 2 • Hence, it has a unique extension to the whole of £ 2 , 
which we denote by M. Since M — I is a Hilbert-Schmidt operator, 
il/ has eigenvalues and orthonormal eigenfunctions, which we denote 
by X, and <p,(f), i = 0, 1, 2, • • • . Note < X, ^ | M |, where | il/ | is 
the norm of M. Then 13 

ft. M = Z(^.) u, (s)(^,) <m) (0. 

i 

^ Z, m ^ r, (17) 

&.. t .(« v = Ev-(4) ( "(s)(4) w W, 

uniformly on [0,1] X [0,1]. 

Let {(p in ] be sequences of functions in the domain of R^ such that 
<Pt = l.i.m. <p iu for each i. Multiply both sides of (12) by (ftrVtn)(s) 
and (/i!rV.-n)(0> integrate with respect to s and /, and let n — * oo. 
Then, the four terms on the left-hand side become 

l.m=0 j , Jt = 1 

= i; i; a mm z (v.., , ft)aSft) (,, («,) z K(R\<p,y m) (8 h )(<p, , ?,„), 



l.m-0 J ,<fc~l 



where (17) is used for the second equality. By virtue of (17) again, 
we can define an s-function R\ t i(s,u) for any u e [0,1] by 



Then 



R* u ,(s,u) = l.i.m. Eft(s)(Bfft) (,) (ii)- 

n-ioo »-0 

Z (ft. ,ft)(B|ft) (,) fo) - (ft. ,i*..(-A)), 

Z X,.(/?k) (m> ( St )(^ , ft-) = #&-(« , •). M<p in ), 
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and 

limfo. , fiU-rf,)) = (v. ,«}.«(•*)) - (*0 W W. 

lim (B|,.fa , •). M Vin ) = (R\As k , •). Mn) = X<(BW M M. 

n-»oo 

Honce, 

lim (7?rW , XJEVu) = X. Z Z a ll , n (^,) ( "W(^,) (B, W- 

n—co l.m-0 j'.t-l 

Similarly, 

lim (Bi <pin , K*Ri toid 

= lim £ £ [(i8r**»«.. «!•«(• a))(b«-*#i- . #rWo 

n— »oo i ,m=0 I =1 

+ (#:v, n ,R u >h ilm )(R 2 Ati , o.flrWl 
= x, z E(*.)" ) a)((i2k) (m> ,^ Im + ^ Im ) I 

l.m-0 j'-l 

lim (firV< n . KaR^ipin) 

n-too 

r »1 

= iim z / (#rV,„ ,fii*i(*,v))Ai.(i«)(fi ta -(tt,o.5rV«o ^ 

n-.oo I ,m = Jo 

- x, z r(^.) < ' , (w)i, n (w)(^,) <m) (w)dw, 

i, m = ^0 

lim (srV.n . /c#rVn) 

= lim Z f f (Rr<p in ,Ru'(-,u))H lm (u,vXR 2 Av,-),R: h <Pin) 

n— oo i.m = •'0 •'0 

- x,. Z ((«^) (I) ,^i»(^) (m) )- 

i,m = 

On the other hand, the right-hand side becomes 
lim (R7*<Pin , (/?, - Ki)firV.») = lim (*>.-„ , (il/ - /)«%•„) = X, - 1. 

n-«oo n-»w 

Hence, by equating both sides and dividing by \, , 



dw dv 



A,- J, m=0 



Z a,*i-(^.) (,) (s/)(*.) ( " ) («*) 
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+ £ (flW'&XCflW , h ilm + h ilm ) 

j-1 

+ f (R\<p<y l) (u)h lm (u)(R\<P<) ( "» ^ + ((/&>,) (n , #, m (#k) (m> ) J • (18) 



Thus, 



Z (l - H = Z Z a/*i«ffi.'i-(*< .**) 

. \ A,/ J,m-0 Lf.Jb-1 

,-i Jo J 



< »■ 

where (17) is used repeatedly. Hence,* 



dP 
dP 



o < n *t < °° • 

t=0 

- (*) - (ft a.) * exp I Z (l - y*) . a.s., [P,] f 



where 

i, ( (aj) = l.i.m. fofirW, [ft , ft] *' = 0, 1, 2, • • • . (19) 

n-»oo 

Now, z ( "(/) has the following orthogonal expansion: 13 

» {,) (0 = l.i.m. 2 *(»)(BW } (0. [ftl. ^ Z ^ r, 

n-«oo »-0 

uniformly in t. Hence, there exists a subsequence of the partial sums 
Z"Lo i7.-C*O(fliP*) ( ' } (0 which converges a.s. [P x ] to as c,> (f)» uniformly 
in t. Therefore, from (18) and (19), 



? (i - y*» 



= Hm z(i-y^) 



- Z [ Z o^'W^W + £ s ( °(*,)(3 ( -\ *,,. + &„„) 

I,m-0 Ll.i-l 1=1 

f & (,, («)A,»(tOa: (w) (u) d« + (x in , B,jc tma ) , a.s. [P,], 



+ 



which completes the proof of (it). 
* See Ref. 3, pp. 1653-1654. 
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